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Abstract 

We study generalized Lie bialgebroids over a single point, that is, generalized 
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we prove that the last ones can be considered as the infinitesimal invariants of 
Lie groups endowed with a certain type of Jacobi structures. We also propose 
a method to obtain generalized Lie bialgebras. It is a generalization of the Yang- 
Baxter equation method. Finally, we describe the structure of a compact generalized 
Lie bialgebra. 
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1 Introduction 

A Jacobi structure on a manifold M is a 2-vector A and a vector field E on M such that 



[A, A] = 2E A A and [E,A] = 0, where [, ] is the Schouten-Nijenhuis bracket If 
{M,A,E) is a Jacobi manifold one can define a bracket of functions, the Jacobi bracket, 
in such a way that the space C°°(M, M) endowed with the Jacobi bracket is a local Lie 
algebra in the sense of Kirillov |]T5[. Conversely, a local Lie algebra structure on C°°(M, M) 



induces a Jacobi structure on M |TT|, |15| . Jacobi manifolds are natural generalizations of 
Poisson, contact and locally conformal symplectic manifolds. 

A category with close relations to Jacobi geometry is that of Lie algebroids. In fact, 
if M is an arbitrary manifold, the vector bundle TM x M — >^ M possesses a natural 
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Lie algebroid structure and, moreover, if M is a Jacobi manifold then the 1-jet bundle 



T*M X R — > M admits a Lie algebroid structure |14]. However, as Vaisman proved in 



3^ , the pair (TM x M, T*M x M) is not a Lie bialgebroid in the sense of Mackenzie and 
Xu (or Kosmann-Schwarzbach ||16|). This is an important difference with the Poisson 
case. Indeed, if M is a Poisson manifold, the vector bundle T*M — M is a Lie algebroid 
^ [10|, 31] and, in addition, if on the dual bundle TM — ^ M we consider the natural 



Lie algebroid structure then the pair {TM,T*M) is a Lie bialgebroid p5 |. 

The above results (about the relation between Jacobi structures and Lie bialgebroids) 
and some suitable examples of linear Jacobi structures on vector bundles obtained in [[T^ 
motivated the introduction, in [0, of the definition of a generalized Lie bialgebroid, a 
generalization of the notion of a Lie bialgebroid. A generalized Lie bialgebroid is a pair 
{{A, 0o), {A*, Xo)), where A is a Lie algebroid over M, 0o is a 1-cocycle in the Lie algebroid 
cohomology complex of A with trivial coefficients. A* is the dual bundle to A which 
admits a Lie algebroid structure and Xq is a 1-cocycle of A*. Moreover, the Lie algebroids 
A and A* and the 1-cocycles 00 and Xq must satisfy some compatibility conditions. 
When 00 and Xq are zero, we recover the notion of a Lie bialgebroid. In addition, if 
(M, A, E) is a Jacobi manifold we proved that the pair ((TM x M, 0o), (T*M x M, Xq)) is 
a generalized Lie bialgebroid, where 0o = (0, 1) G n\M) x C°°(M, M) = T{T*M x R) and 
Xo = {-E,0) e X(M) X C°°(M,M) = r(TM x M). Other relations between generalized 



Lie bialgebroids and Jacobi structures were discussed in . 

A generalized Lie bialgebroid ((A, 0o)5 {^*,Xo)) is a generalized Lie bialgebra if the base 
space M is a single point or, in other words, if A is a real Lie algebra g of finite dimension. 



In [|T3[, we started the study of generalized Lie bialgebras. In particular, we proved that 
examples of them can be obtained from algebraic Jacobi structures on a Lie algebra. On 
the other hand, we remark that a generalized Lie bialgebra ((g, (po), (g*, Xq)) such that the 
1-cocycles 0o and Xq are zero is just a Lie bialgebra in the sense of Drinfeld 0. We also 
recall that there is a one-to-one correspondence between Lie bialgebras and connected 



simply connected Poisson Lie groups (see [§, |T^, |22|, |23|, |3T|). 

The aim of this paper is to continue the study of generalized Lie bialgebras and, more 
precisely, to discuss some relations between them and certain types of Jacobi structures 
on Lie groups. The paper is organized as follows. In Section 2, we recall several definitions 
and results about Jacobi manifolds and generalized Lie bialgebroids which will be used in 
the sequel. In Section 3, we show that generalized Lie bialgebras are closely related with 
Jacobi structures. In fact, we prove that the first ones can be considered as the infinites- 



imal invariants of Lie groups endowed with special Jacobi structures (see Theorems p. 10 



and |3.12|) . In Section 4, we propose a method to obtain generalized Lie bialgebras (it is 
a generalization of the well-known Yang-Baxter equation method for Lie bialgebras). As 
a consequence, we deduce that generalized Lie bialgebras can be obtained from algebraic 
Jacobi structures on a Lie algebra. These results allow us to give, in Section 5, several 
examples. In particular, using convenient algebraic contact (locally conformal symplectic) 
structures, we obtain interesting examples of generalized Lie bialgebras. In Section 6, we 
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describe the structure of a generalized Lie bialgebra ((g, (po), (g*, Xq)) such that g is a com- 
pact Lie algebra and (po ^ or Xq ^ 0. Finally, the paper closes with two Appendixes. In 
the first one, we discuss some relations between algebraic Jacobi structures and contact 
(respectively, locally conformal symplectic) Lie algebras. In the second one, we give a 
simple proof of the following assertion: if [) is a compact contact Lie algebra of dimension 
> 3 then fj is isomorphic to su(2). Moreover, we describe all the algebraic contact struc- 
tures on su(2). We use these results in Section 6. We remark that the aforementioned 
assertion may be deduced as a corollary of a more general theorem (about orthogonal 
contact Lie algebras) which was proved by Diatta in (for more details, see Appendix 
B). 

Notation: Throughout this paper, we will use the following notation. If M is a differen- 
tiable manifold of dimension n, we will denote by C°°{M, M) the algebra of C°° real- valued 
functions on M, by Q^{M) the space of /c-forms on M, by X(M) the Lie algebra of vector 
fields, by 6 the usual differential on fl*{M) = (Bk^''{M) and by [ , ] the Schouten-Nijenhuis 
bracket (|1|, 0). On the other hand, if G is a Lie group with Lie algebra g, we will denote 
by e the identity element of G, hj Lg : G G (respectively, Rg : G ^ G) the left 
(respectively, right) translation by (7 G G, by Ad : G x A^g the adjoint action 

of G on A^g and hy ad : q x A'^q — > A'^g the adjoint representation of g on A^'g, that is, 
ad = T Ad. Moreover, if s G A^g then s (respectively, s) is the left (respectively, right) 
invariant /c- vector on G defined by s{g) = {Lg)^{s) (respectively, s{g) = {Rg)^,{s)), for all 
g E G, and if P is a k-vector on G then P,, : G — > A'^g is the map given by 

Prig) = iRg-iUP{g)), for all geG. (1.1) 



2 Generalized Lie bialgebroids and Jacobi structures 
2.1 Jacobi structures and Lie algebroids 

A Jacobi structure on M is a pair (A, E), where A is a 2- vector and E is a vector field on 
M satisfying the following properties: 

[A, A] = 2^ A A, [E,A] = 0. (2.1) 

The manifold M endowed with a Jacobi structure is called a Jacobi manifold. A bracket 
of functions (the Jacobi bracket) is defined by 

{/, g} = A{5f, 5g) + fE{g) - gE{f), (2.2) 

for all f,g E G°°(M, M). In fact, the space G°°(M, M) endowed with the Jacobi bracket is 
a local Lie algebra in the sense of Kirillov (see |]l5l). Conversely, a structure of local Lie 
algebra on G°°(M, M) defines a Jacobi structure on M (see |Tl|, |1^). If the vector field 
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E identically vanishes then (M, A) is a Poisson manifold. Jacobi and Poisson manifolds 
were introduced by Lichnerowicz (|T9|, |20[) (see also [|1], ^ [15], 0, |3^ 



A Lie algebroid A over a manifold M is a vector bundle A over M together with a Lie 
bracket [, ] on the space T{A) of the global cross sections of A ^ M and a bundle map 
p : A ^ TM, called the anchor map, such that if we also denote by p : T{A) — ^ x(M) the 
homomorphism of C°°(M, M)-modules induced by the anchor map then: 

(i) p : (T{A), !,])—> (x(Af), [, ]) is a Lie algebra homomorphism and 

(ii) for all / G C°°(M, M) and for all X, F e r(A), one has 

lX,fY} = flX,Yj + {p{X){f))Y. 

The triple {A, |, ],p) is called a Lze algebroid over M (see p9|). 



A real Lie algebra of finite dimension is a Lie algebroid over a point. Another trivial 
example of a Lie algebroid is the triple (TM, [ , ], Id), where M is a differentiable manifold 
and Id : TM —>■ TM is the identity map. 

If A is a Lie algebroid, the Lie bracket on T{A) can be extended to the so-called Schouten 
bracket |, ] on the space T{/\*A) = (Bkf^{A^A) of mult i- sect ions of A in such a way that 
(©fer(A^A), A, I , ]) is a graded Lie algebra. 

On the other hand, imitating the usual differential on the space Q*{M), we define the 
differential of the Lie algebroid A, d : r(A'=A*) T{A^+^A*), as follows. For uo G T{A^A*) 
and Xo,...,Xfc G T{A), 

k 

duj{Xo,...,Xk) = ^(-l)V(X,)(cu(Xo,...,X„...,Xfc)) 

+ J2i-^y^'^ilXi^x^lXo,...,x^,...,Xj,...,Xk). 

i<j 

Moreover, since c?^ = 0, we have the corresponding cohomology spaces. This cohomology 
is the Lie algebroid cohomology with trivial coefficients (see ||24]] ) . 

Using the above definitions, it follows that a 1-cochain G r{A*) is a 1-cocycle if and 
only if = p(X)(0(r)) -p(r)(0(X)), for all X,Y e TiA). 

Next, we will consider two examples of Lie algebroids. 

1.- The Lie algebroid {TM xR,[ , ],7r) 

If M is a differentiable manifold, then the triple (TM x M, [ , ] , vr) is a Lie algebroid over 
M, where vr : TM x M — TM is the canonical projection over the first factor and [ , ] is 
the bracket given by (see |T§ ^, 0) 

[(X, /), {Y, g)] = ([X, Y],X{g) - F (/)), (2.3) 
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for (X,/), {Y,g) G X(M) x C°°(M,R) ^ r(rM x M). 

2.- r/ie Lze algebroid (T*MxM, [, ](a,£),#{a,£;)) associated with a Jacobi maniJoldiM, A, i?) 

If y4 — ^ M is a vector bundle over M and P G r(A^y4) is a 2-section of A, we will denote 
by #p : r(74*) r(A) the homomorphism of C°°(M, ]R)-modules given by (3{^p{a)) = 
P{a,P), for a,P E T{A*). We will also denote by #p : A* A the corresponding 
bundle map. Then, a Jacobi manifold (M, A, E) has an associated Lie algebroid {T*M x 
I^, [,l(A,i?), #(A,i?)), where [,](a,£;) and #{a,e) are defined by 

[(",/), {P,g)](A,E) = i^#A{o)l3-^#AW)(^-^iM<^^l3)) + f^Ep-9^Ea-i{E){a A (3), 
A(/3, a) + #A(a) (g) - #a(/3) (/) (^?) (/)) , 

#(A,i^)(«,/) = #A(«) + /i?, 

for (a, /), G Q^{M) x C°°(M, M), £ being the Lie derivative operator (see Q)- 



In the particular case when (M, A) is a Poisson manifold we recover, by projection, the 
Lie algebroid (T*M, [ , ]a, #a), where [ , ]a is the bracket of 1-forms defined by [a, /3]a = 
C#Aio.)P - - 5(A(a,/3)), for G n^{M) (see i |, 0, P). 



2.2 Generalized Lie bialgebroids 

In this Section, we will recall the definition of a generalized Lie bialgebroid. First, we will 
exhibit some results about the differential calculus on Lie algebroids in the presence of a 
1-cocycle (for more details, see ||T3[|). 

If {A, [, ],p) is a Lie algebroid over M and, in addition, we have a 1-cocycle 0o £ T{A*) 
then the usual representation of the Lie algebra T[A) on the space C°°{M, M) can be mod- 
ified and a new representation is obtained. This representation is given by P(f,f^{X){f) = 
p{X){f) + (f)o{X)f, for X G T{A) and / G C°°(M,R). The resultant cohomology operator 
is called the 0o-differential of A and its expression, in terms of the differential d of A, is 
dff,^^uj = du + cpoAuj, for u G r(A^y4*). The (/)o-differential of A allows us to define, in a nat- 
ural way, the 0o-Lie derivative by a section X G T{A), {C^^^)x '■ T{A^A*) r(A^A*), as 
the commutator of ci^g and the contraction by X, that is, {C^q)x = d^^ o^(X) +i{X) od^^ 
(for the general definition of the differential and the Lie derivative associated with a 
representation of a Lie algebroid on a vector bundle, see P3)- 



On the other hand, imitating the definition of the Schouten bracket of two multilinear 
first-order differential operators on the space of C°° real-valued functions on a manifold 
(see [Q), we introduced the 0o-Schouten bracket of a /c-section P and a /c'-section P' 
as the k + k' — 1-section given by 

IP,P%, = lP,P'l + {-l)'+\k - 1)P A (z(0o)P') - {k' - im<Po)P) A P', (2.5) 
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where | , ] is the usual Schouten bracket of A. The 0o-Schouten bracket satisfies the 
following properties. For / e C~(M,M), X,Y e T{A), P e r(AM), P' e T{a'''A) and 

P" e t{a''"A), 

IX, = p^,(X)(/), IX, Yj^, = [X, Yj, IP, P%, = {-1)'''IP', PU, 
IP, P' A P%, = IP, P'U A P" + (-1)'='('=+1)P' A IP, P"U - (^(0o)P) A P' A P", 

i-ir'mp'ho,p%o + {-if'"iip",pho,p%o + {-iriip',p"ho,pho = o. 

Using the 0o-Schouten bracket, we can define the 0o-Lie derivative of P G T{a''A) by 
XeT{A) as {C^,)x{P) = lX,PU. 

Now, suppose that (A, |, ],p) is a Lie algebroid and that (po G T{A*) is a 1-cocycle. 
Assume also that the dual bundle A* admits a Lie algebroid structure ([, ]*,p*) and that 
Xo G T{A) is a 1-cocycle. The pair ((y4,0o), (74*,Xo)) is a generalized Lie bialgebroidif 

d,XolX,Y] = lX,d,XoYU - |r,d.XoXl0o, (/:*Xo)^o^+ (^^o)xoi^ = 0, (2.6) 

for X,Y E ^{A) and P G r(A'^yl), where d^^Xo (respectively, >C*Xo) is the Xo-differential 
(respectively, the Xo-Lie derivative) of A*. Note that the second equality in ( |2.6| ) holds if 
andonly if 0o(Xo) = 0, p{Xo) = -p.(0o) and (£,Xo)</.o^+ I^o, ^1 = 0, for X G T{A) (for 
more details, see |13|)- Moreover, in the particular case when 0o = and Xq = 0, ( p.6|) is 
equivalent to the condition d,lX, Y] = {X, d^Y] - {Y, d,X]. Thus, the pair {{A, 0), {A*, 0)) 
is a generalized Lie bialgebroid if and only if the pair {A, A*) is a. Lie bialgebroid (see 
1161, E5i). 



On the other hand, if (M, A, E) is a Jacobi manifold, then we proved in |]T3[ that the pair 
(^{TM X M, (j)Q),(T*M X M, Xq)^ is a generalized Lie bialgebroid, where 0o and Xq are the 
1-cocycles on TM x M and T*M x M given by 

00 = (0, 1) G Q}{M) X C°°(M, M) = T{T*M x M), 

Xo = (-^,0) G X(M) X C°°(M,M) = r(TM x M). 



3 Generalized Lie bialgebras and Jacobi structures 
on connected Lie groups 

In this Section, we will deal with generalized Lie bialgebroids over a point. 

Definition 3.1 JT^/ A generalized Lie bialgebra is a generalized Lie bialgebroid over a 
point, that is, a pair ((0,0o), (s*, ATo)), where (g, [, Y) is a real Lie algebra of finite dimen- 
sion such that the dual space q* is also a Lie algebra with Lie bracket [, Y' , Xq G g and 
4>o G g* are 1-cocycles on g* and g, respectively, and 

d^XoiX, YY = [X, d^XoY]l - [Y, 4xoX]l, (3.1) 
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MXo) = 0, (3.2) 
i{<f)o){d.X) + [Xo,XY =0, (3.3) 
for all X,Y G q, being the algebraic differential on (g*, [, Y"). 

Remark 3.2 In the particular case when (pQ = and Xq = 0, we recover the concept of a 
Lie bialgebra, that is, a dual pair (g, g*) of Lie algebras such that d^,[X, Y]^ = [X, d^Y]^ — 
[Y,d,XY, for X,Y eg (see §). 

We know that there exists a one-to-one correspondence between Lie bialgebras and con- 
nected simply connected Poisson Lie groups (see [§, ^ |3T|). So, we will study a 



connected Lie group G with Lie algebra g such that the pair ((g,0o), (0*,-'^o)) is a gener- 
alized Lie bialgebra. 

We will use the following well-known results about cocycles on Lie groups and on their 
Lie algebras. 



Lemma 3.3 j^/ Let G be a connected Lie group with Lie algebra q. Let ^ : G x V ^ V 
be a representation of G on a vector space V . Let : g x V ^ V be the induced 
representation of g on V. 

i) If the map (j) : G V is a 1-cocycle on G relative to i.e., if for h,g ^ G 

0(M = 0(/i) + $(/i,0(^7)), 

then e =: {S4>){t) : g ^ V, the derivative of (f) at t, is a 1-cocycle on g relative to 
T$, I.e., forX,Y e g 

r$(X, e(r)) - T$(r, e(X)) = e([X, YY). 

Moreover, 6(f) = implies that = 0. 

a) When G is simply connected, any 1-cocycle e on g relative to T$ can be integrated 
to give a unique 1-cocycle cf) on G relative to $ such that (50) (e) = e. 

Hi) When g is semisimple, every 1-cocycle e : g ^ V on g is a coboundary, that is, 
e{X) = T^{X, vq), for some Vq G V. 

Next, we will introduce the notion of a (cr, c)-multiplicative fc- vector on a connected Lie 
group G, where cr : G — M is a multiplicative function and c G M. This notion will play an 
important role (in Section ^.2| ) in the description of the Jacobi structure on a connected 
simply connected Lie group whose Lie algebra is g and such that the pair ((g, 0o)j {b*, Xq)) 
is a generalized Lie bialgebra. We recall that a C°° real-valued function a : G — M is 
multiplicative if it is a Lie group homomorphism. 
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3.1 (cr, c)-multiplicative multivectors on a Lie group 

We will denote by e : M ^ R the real exponential. Then, 

Proposition 3.4 Let G be a connected Lie group, a : G ^ M. a multiplicative function 
and c G M. If P is a k-vector on G, the following properties are equivalent: 

t) Pr{hg) = Pr{h) + e-('=-^)-WA4(A.(^?)). 
tt) P{hg) = (i?,),(P(/i)) + e-('=-^)'^W(L,),(P((7)). 

iv) P(e) = and e^^~^'''^ CxP is left invariant whenever X is a left invariant vector field 
on G. 

v) P(e) = and e^^^^'^^'^ Cj^{e^''~'^^'^ P) is right invariant whenever X is a right invariant 
vector field on G. 

Proof: The result follows using ( |1 . 1| ) , the fact that cr is a multiplicative function and 
proceeding as in the proof of Proposition 10.5 in |3l[]. \qed\ 

Now, we introduce the definition of a (a, c)-multiplicative A;-vector on G. 

Definition 3.5 Let G be a connected Lie group, a : G ^ a multiplicative function 
and c (z M.. A k-vector P on G is said to be (a, c) -multiplicative if P satisfies any of 
the properties in Proposition \3.4[ - In particular, if c = 1, we will say that the k-vector is 
a -multiplicative. 

It is clear that if P is a (a, c)-multiplicative k-vector and a identically vanishes, then P 
is multiplicative (see ||22|, |3T|). 

Let G be a connected Lie group with Lie algebra g, a : G — » M a multiplicative function 
and c G M. We can introduce the representation Ad(^^^c) '■ G x A^g A^'g of G on A'^g 
defined by 

= e-('=-^)'^(^Mrf,s, (3.4) 

for 5f G G and s G A^'g. If 0o = ('^'^)(0 then we will denote by adi^^^^^c) the corresponding 
representation of g on A'^g, that is, arf((/,o,c) = T Ad(^„^c) '■ x A'^g A^q. From (P^), it 
follows that 

arf(<^„,,)(X)(s) = [X, sY -{k- c)MX)s = ad{X){s) - {k - c)MX)s (3.5) 

for X G g and s G A'^g, where [,]° is the Schouten bracket of the Lie algebroid g 
{ a single point }. It is clear that (pQ G g* is a 1-cocycle with respect to the trivial 
representation of g on M and that if c = 1 then (see ( p.5| )) 



ad^^,^,){X){s) = [X,s]l. (3.6) 
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Remark 3.6 Note that if P is a k- vector on G then, from ( p.4|) and Proposition 3.4 , 
we obtain that P is (a, c)-multiphcative if and only ii : G ^ is a 1-cocycle with 
respect to the representation Ad(^„^c) '■ G x — > 

Now, suppose that P is a k-vector on G such that P(e) = 0. Then, one can define the 
intrinsic derivative of P at e as the hnear map 5^P : g — » A'^g given by (see [^2|, ^) 



(5,P)(X) = (5P.)(e)(X) = (/:^P)(e), (3.7) 
for X G g, X being an arbitrary vector field on G satisfying X(e) = X. Using (p.7|). 



Lemma |3.3| and Remark |3.6| , we deduce 



Proposition 3.7 Let G be a connected Lie group, a : G — M a multiplicative function 
and c G M. Suppose that 0o = (<^o")(e)- 

i) If P is a {a, c) -multiplicative k-vector then its intrinsic derivative S^P : g — > A'^g is 
a 1-cocycle with respect to the representation ad(^fpg^c) '■ 9 x A^g —* A^g. 

a) If G is simply connected and e : g ^ A^g is a 1-cocycle with respect to the repre- 
sentation ad(^^^^c) '■ B X A'^g A^g then there exists a unique {a, c) -multiplicative 
k-vector P such that its intrinsic derivative at e, 5^P, is just e. 



Remark 3.8 Let G be a connected Lie group, cr : G ^ R a multiplicative function and 
c G M. If P is a ((J, c)-multiplicative fc-vector then, from Proposition p.4| , it follows that 

{6Pr)m{L^UX)) = e-('=-^H'^)A4((5eP)(X)), 

for h & G and X G g. Thus, dP^ = if and only if the intrinsic derivative of P at e is 
zero. Therefore, P = if and only if the intrinsic derivative of P at e is zero (see Lemma 



^ and Remark p.6|) . 



Example 3.9 Let G be a connected Lie group with Lie algebra g, cr : G ^ M a multi- 
plicative function and c G M. Suppose that s G A'^g. Then, we consider the k-vector s on 
G defined by 

s{g) = e-^^-'^>^3^-s{g) - ~s{g), for all g G G. 

A direct computation shows that s is a (a, c)-multiplicative k-vector on G. Moreover, the 
intrinsic derivative of s at e is given by 

{5MX) = [X, sy - (fc - c)MX)s = arf(<^,,,)(X)(s), 

for X G g, where 0o = (^cr)(e). Note that, in this case, 5^3 is a 1-coboundary with respect 
to the representation ad(^tf)f^^c) '■ B ^ A'^g A^g. Moreover, using Remark p78| , we deduce 
that s is a(i(<^Q^c)-invariant if and only if s = e~^''~^^°'s. 
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3.2 Generalized Lie bialgebras and Jacobi structures on con- 
nected Lie groups 

We will prove that if G is a connected simply connected Lie group with Lie algebra g and 
the pair ((0,0o), (0*,-^o)) is a generalized Lie bialgebra then G admits an special Jacobi 
structure. 



Theorem 3.10 Let {{g,(j)o),{Q*,Xo)) be a generalized Lie bialgebra and G a connected 
simply connected Lie group with Lie algebra g. Then, there exists a unique multiplicative 
function a : G — M and a unique a -multiplicative 2-vector A on G such that {6a){t) = 0o 
and the intrinsic derivative of A at c is —d^Xo- Moreover, the following relation holds 

#a(H = Xo - e-'^Xo, (3.8) 

and the pair (A, E) is a Jacobi structure on G, where E = —Xq. 



Proof: Since G is connected and simply connected then, using Lemma ^]3| and the fact 
that 00 is a 1-cocycle with respect to the trivial representation of G on M, we deduce that 
there exists a unique multiplicative function a : G ^ R satisfying (5o")(e) = 0o- Now, 
take e : ^ A^g given by e(X) = —d^:Xo^, X G g. From ( |3.1|) , it follows that e is a 
1-cocycle of g with respect to the representation ad(^^^^iy Thus, using Proposition we 
have that there exists a unique a-multiplicative 2-vector A on G such that its intrinsic 
derivative at e is just —d^^Xo, that is, 

6A = -4xo- (3.9) 

Next, we will see that ( |3.8| ) holds. Let X G X(G) be a left invariant vector field and 
X = X(e). Then, Cx{Sa) = 5{Cxa) = and 



[X, #a(H + e-^Xo] = t{6a){CxA) - e->o(X)Xo + e-'^[X, Xo]^. 

The 2-vector e"CxA is left invariant (see Proposition |3.4[ ). Therefore, ii g E G and 
ag G T*G, we obtain that 

ag{i{5a){Cx^) - e-0o(X)Xo + e-'^[X,XoY]{g) = 

= e-'^(^)((/:;fA)(,)(((L,),)*((H(^?)),((^,)*)*«,) 

-0o(X)(((L,),)*(a,))(Xo) + (((L,),)*(a,))([X,Xo]«); 

where ((L^)*)* : T*G g* is the adjoint homomorphism of (Lg)^ : g — > TgG. 

Note that the 1-form Sa is left invariant which implies that {{Lg)^,)*{6a{g)) = 0o- Conse- 
quently, from (|3.2|), (p.3|), (p.7|) and (p.9|), we deduce that 



ag{zi6a)iCxA) - e->o(X)Xo + e'^^iX, Xo]^}{g) = 0. 
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Thus, H^f^{5a) +e '^Xq is a right invariant vector field and, since [jj^h{5a) + e °"Xo^(e) 
Xq, we conclude that (p.8|) holds. 



Now, take S = — Xq. Since E' is a right invariant vector field and A is a-multiplicative, 
we have that e~'^££;(e°"A) is right invariant (see Proposition |3]^). Moreover, from (|3.2| ), 

e-"/:s(e"A) = e-"(e"E((T)A + CeK) = CeA. 

On the other hand, using ( plTl) , (|3.9| ) and the fact that Xq G a is a 1-cocycle (that is, 
= 0), it follows that (£BA)(e) = 0. This implies that Ce^ = [E,A] = 0. 

Finally, we will prove that [A, A] - A A = 0. First, we will show that [A, A] - A A 
is cr-multiphcative. Since A(e) = 0, we have that ([A, A] - 2E A A)(e) = (see 
Moreover, if X is a left invariant vector field then [X, E] = and, using ( ^.81 ) and the 
properties of the Schouten-Nijenhuis bracket, we deduce that 

e^''Cx{[A, A] - A a) = 2(e'^[e'^£jf A, A] + Xq A (e^CxA)). 



On the other hand, from Proposition |3.4| , it follows that e'^CxA and e'^[e'^ CxA, A] are 
left invariant multivectors. Therefore, e^'^Cx{[A,A] — 2E A A^ is also a left invariant 
multivector. Consequently, [A, A] — 2E A A is a-multiplicative, as we wanted to prove. 

Next, we will compute the intrinsic derivative at e of the 3-vector [A, A] — 2E A A. 

If [, ]a : A^g* Q* is the adjoint map of the intrinsic derivative of A at e, using ( p. 91) , we 



obtain that 

[a, P]a = [a, f3f - 2(Xo)(a A (3), (3.10) 
for G 0*, where [, ]^* is the Lie bracket on g*. This implies that 

[a,(3]A{Xo) = [a,f3f{Xo) = 0. (3.11) 

Now, from (|3.7|) , ( |3.9| ) and since E = — Xq, we have that 

5e ( [A, A] - 2E A A) (X) = ( [A, A] - 2^ A A) (e) = 5 JA, A] (X) - 2X0 A ^X, (3.12) 

for X G 0. Thus, using ( p.lO|) , ( p.ll|) and ( |3.12| ), we conclude that 



{5,([A,A] -2E A A)(X)}(a,/3,7) = -2 J2 ([«, [A 7]^Y*) W = 0' 

Cyd.(a,/3,7) 

for a, /5, 7 G 0*, that is, the intrinsic derivative of [A, A] — 2E A A at e is null. Therefore, 
[A, A] = 2E A A (see Remark Op. \qed\ 



Remark 3.11 i) Under the same hypotheses as in Theorem |3.1CI| , if 0o = then the 
multiplicative function a will be null, the 2-vector A will be multiplicative and the 
vector field E will be bi-invariant (see 
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ii) Under the same hypotheses as in Theorem 3.10 , if 0o = = then a and 

E will be null and [G, A) will be a Poisson Lie group. 



Now, we discuss a converse of Theorem |3.10 



Theorem 3.12 Let (A, E) be a Jacobi structure on a connected Lie group G and a : G ^ 
M a multiplicative function such that: 

i) A is a -multiplicative. 

ii) E is a right invariant vector field, E{e) = — Xq and i^\{6a) = Xq — c^^Xq. 

//[, ]a : A^g* — > g* is the adjoint map of the intrinsic derivative of A at e and [, Y* is the 
bracket on g* given by 

[a,pf = [a,P]A + t{Xo)iaAP), for a, (3 ^q*, (3.13) 

then (g*, [ , is a Lie algebra and the pair ((g, </)o), (g*, Xq)) is a generalized Lie bialgebra, 
where 0o = {^^){.^)- 

Proof: Since a is a multiplicative function, we have that 0o is a 1-cocycle of (g, [, J^). 
Now, suppose that G g*. We consider two G°° real- valued functions / and g on G 
such that 

/(e) = g{t) = 0, (5/)(e) = a, (5(?)(e) = /3. (3.14) 



If { , } is the Jacobi bracket associated with the Jacobi structure (A, E) then, from ( p.2| 
( p. 131) and (|3.14| ), we deduce that 



{6{f, g}){^) = 6iA{6f, 6g)){^) + ^(Xo)(a A /3) = [a, pf. (3.15) 
Using ( |3.15D it follows that (g*, [,]"*) is a Lie algebra. Moreover, from ( |3.13D , we obtain 



that 

{5,A){X) = -d^XoX, for X G g. (3.16) 
Thus, using (|2.1| ), ( p.7| ) and ( p. 16]) , we prove that d^X^ = 0, that is, Xq is a 1-cocycle of 

On the other hand, since A is a-multiplicative, we conclude that e = —d^:Xo '■ B ~^ ^^fl 
is a 1-cocycle with respect to the representation a(i(0„,i) : g x A^g A^g (see (|3.16|) and 
Proposition p.7|) . Therefore, ( p.l|) holds. 

Now, the equality #A('^cr) = Xq — c^'^Xq implies that e~'^Xo{a) = Xo{a), i.e., e~°"Xo(o") = 
Xo((j) (note that o" is a multiplicative function). Consequently, 

0o(Xo) = Xo(a) = 0. (3.17) 
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Using again that 7^A(^cr) = Xq — e ^Xq and the fact that cr is a multiphcative function, 
we obtain that 

= Cx{iiSa){A) + e-'^Xo) = i{5a){CxK) - e-'^X(a)Xo + e-'^[X,Xo] 
for X G 0. In particular, 



= {z(H('^^xA)-e-X((T)Xo + e-'^[X,Xo]}(e) 
= z(0o)((5eA)(X)) - 0o(X)Xo - [Xo,X]8. 



(3.18) 

Thus, from (^), ( PT?!) and ( CT) , it follows that i{(t)o){d^X) + [Xo,X]0 = 0. \qed\ 



Remark 3.13 If (A, E) is a Jacobi structure on a connected Lie group G which satisfies 
the hypotheses of Theorem p.l2| , (| , ](a,£;), H^{k,E)) is the Lie algebroid structure on T*G x 



M given by ( P^) and q;,/5 G then, a direct computation shows that, 

|(d,/),(/3,^7)](A,s)(e) = ([«,/5]«*,0), 
for (d,/), c/) G 1]^(G) X C°°(G,R) satisfying d(e) = a, /3(e) = /3 and /(e) = g{t) = 0. 



Example 3.14 Let G be a connected simply connected abelian Lie group of dimension 
n and (A, E) be a Jacobi structure on G such that A is a multiplicative 2-vector and E is 
a bi-invariant vector field. Then, G is isomorphic, as a Lie group, to the dual space g* of 
a real vector space g of dimension n, A is a linear 2-vector on g* and there exists G g* 
satisfying that E = — C<^, being the constant vector field on g* induced by ip. Thus, 
from ( |2.2| ), one can deduce that the Jacobi bracket of two linear functions on g* is again 
linear and that the Jacobi bracket of a linear function and the constant function 1 is a 
constant function. Therefore, using the results in |jl2[ (see Theorem 2 and Example 1 in 
|T^) we conclude that g is a Lie algebra with Lie bracket [, ]^ and that 

A = A,,+RAC^, E = -C^, (3.19) 

where Ag* is the Lie-Poisson structure on g*, R is the radial vector field on g* and ^9 G g* is 
a 1-cocycle of (g, [ , ]^). The generahzed Lie bialgebra associated with the Jacobi structure 
(A, E) on g* is ((g*, 0), (g, (p)) and the Lie bracket on g* is trivial. 

Conversely, if (g, [ , ]^) is a real Lie algebra of dimension n, <^ G g* is a 1-cocycle of (g, [ , ]") 
and (A, E) is the pair given by (|3.19|) then g* is a connected simply connected abelian Lie 



group and (A, E) is a Jacobi structure on g* (see Theorem 1 in [0). Moreover, it is clear 
that A is multiplicative (linear) and that E is bi-invariant (constant). 
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4 Generalized Lie bialgebras and a generalization of 
the Yang-Baxter equation method 



From (|3.1j ) and ( p.6|) we deduce that if ((g, 0o), (fl*, -^o)) is a generalized Lie bialgebra 
then d^:Xo a 1-cocycle on g with respect to the representation a(i((/,o,i) : g x A^g 
A^g. In this Section, we will propose a method to obtain generalized Lie bialgebras 
such that d^Xo is a 1-coboundary (i.e., there exists r G A^g satisfying that d^Xo^ = 
ad((f,g^i){X){r), for X G g). It is a generalization of the well-known Yang-Baxter equation 



method to obtain Lie bialgebras (see, for instance, [31]). It is clear that our method will 
allow us to obtain connected Lie groups such that their corresponding Lie algebras are 
generalized Lie bialgebras. 

Theorem 4.1 Let (g, [, ]^) be a real Lie algebra of finite dimension. Suppose that G g* 
is a 1-cocycle and that r G A^g and Xq G g are such that 

[r, r]" — 2Xq Ar is ad{^^^i)-invariant, [Xq, r]" = 0, 

i{(t)Q){r) — Xq is ad(^^^fl)-invariant. 
If [, is the bracket on g* given by 

= coad^^(^i3)a - coad^^i^a)l3 + r{a, I3)(()Q + i{XQ){a A 13), (4.1) 

for a,f3 & g*, where coad : g x g* — > g* zs the coadjoint representation of q over g*, that 
is, {coad {X){a)){Y) = —a[X,YY, for X,Y G g, then is a Lie algebra and the 

pair ((g,0o), {b*,^o)) is a generalized Lie bialgebra. 

Proof: Let G be a connected simply connected Lie group with Lie algebra g. 
We define a 2-vector A and a vector field on G by 

A = f - e-'"f, E = -Xq, (4.2) 

where a is the unique multiplicative function satisfying that (5cr)(e) = (po. 

From Example |3.9| , we have that A is a cr-multiplicative 2-vector. On the other hand, 

#A(5a) - Xo + e-'^Xo = (^(0o)'fr- Xo) - e-'^(z(0o)(r)-Xo). 

Therefore, since i{4>o){i^) ~ -^o is a(i((^Q _o)-iiivariant, we obtain that 

#A(5a) = Xo-e-'^Xo (4.3) 

(see Example |0| ). Note that, from this equality, we deduce that Xo(ct) = Xo(cr) = 
00 (Xo) = (see the proof of Theorem p. 121) . 
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On the other hand, using ( [4 .21) , (|4.3| ) and the properties of the Schouten-Nijenhuis bracket, 
it follows that 

[A,A] -2E A A = -|([r,r]B'^^^o Ar) -e'^'^iy, r]fl-2XoAr)|. 
Thus, since [r, r]^ — 2Xq A r is a(i((^Q_i)-invariant, [A, A] = 2E A A. Moreover, 

Consequently, the pair {A,E) is a Jacobi structure. Furthermore, from ( p.7| ) and ( [4 .21 ), 
we deduce that the intrinsic derivative of A at e is given by 

((5eA)(X) = -arf(^,„i)(X)(r) = -[X,r]« + 0o(X)r, (4.4) 

for X G 0. Using this fact and Theorem |3.12| , we conclude that the bracket on g* given 
by ( |4.1|) is a Lie bracket and that the pair ((g, (^o), (g*, Xq)) is a generalized Lie bialgebra. 

Remark 4.2 Since (i*Xo-^ = "~(^c^)(-^); for all X G g, we obtain that (see (|4.4|) ), 

= [s, r]^ — 2Xo As — ■i(</)o)(s) A r, for all s G A^g. In particular, 

d^r = [r, r]^ - 2Xo A r - i(0o)'^ A r. (4.5) 

If X G g, it follows that (see (^ ) 

[a,/3]«*(X) = -[X,r]«(a,/3) + r(a,/5)</.o(X) + a(Xo)/5(X) -/5(Xo)a(X). (4.6) 



Now, using Theorem O, we have 

Corollary 4.3 Let (g, [ , Y) be a real Lie algebra of finite dimension. Suppose that (j)o G g* 
is a 1-cocycle and that r G A^g and Xq G g are such that i{(j)o){r) = Xq and (r, Xq) is 
an algebraic Jacobi structure on g. // [, Y is the Lie bracket on g* given by l \4-i\) , then 
(g*, [, Y*) is a Lie algebra and the pair ((g,0o), (g*,Xo)) is a generalized Lie bialgebra. 
Moreover, the linear map —jj^r '■ ^ Q is a Lie algebra homomorphism. 



Proof: From Theorem |4.1| and Definition |A.1| (see Appendix A), we deduce that the pair 
((fl) 0o)) (fl*) ^o)) is a generalized Lie bialgebra. On the other hand, if a, 7 G g* then the 
equality [r,r]s(a,/?, 7) =2(XoAr)(a,/?, 7) implies that 7 [#,(«), #,(/?)]« = [a, /3]b*(#,(7)) 
and therefore 

#,([«,/?]«*) = -[#,(«),#,(/?)]«. ^ED\ 

Remark 4.4 Let (g, [ , Y) be a real Lie algebra of finite dimension. Assume that (fi, uj) is 
an algebraic locally conformal symplectic (l.c.s.) structure on g and denote by (r, Xq) the 
corresponding algebraic Jacobi structure on g (see Appendix A). Then, using Corollary [4.3| 
and the fact that Xq = — #^(1^), "we deduce that the pair ((g, —uj), (g*, Xq)) is a generalized 
Lie bialgebra. Furthermore, since 7^^. : 0* ^ is a linear isomorphism (see Appendix A), 
it follows that g* is isomorphic, as a Lie algebra, to g. 
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5 Examples of generalized Lie bialgebras 



First, we will give some examples of generalized Lie bialgebras which are obtained using 
Theorem |4.1| and Corollary 



5.1 Generalized Lie bialgebras from contact Lie algebras 

Let (fl, [, Y) be a Lie algebra endowed with an algebraic contact 1-form t] and let Xq be 
the Reeb vector of g (see Appendix A). If Z{q) is the center of g and X ^ Z{g) then it is 
clear that i{X){dr]) = 0. This implies that X G< Xq >. Thus, Z{q) C< Xq > (see 0). 
Therefore, we have two possibilities: Z{q) = {0} or Z{g) =< Xq >. 

If Z{q) =< Xq > then Diatta proved that q is the central extension of a symplectic 
Lie algebra ([), [, ]'') by M via the 2-cocycle Q, Q being the algebraic symplectic structure 
on f). Conversely, if (f), [, ]'') is a symplectic Lie algebra, with algebraic symplectic 2-form 
Q, and on the direct product g = () © M we consider the Lie bracket [ , ]^ given by 



[{X,X),{Y,fi)Y = {[X,Y]\-n{X,Y)), for (X,A),(r,/x) e 0, 



(5.1) 



then ?7 = (0, 1 

^0 = (0, 1) e f, 



[)* © R = g* is an algebraic contact 1-form on q. Moreover, since 
I = g, we deduce that Z{q) =< Xq > (see 0). 

Now, suppose that r is the algebraic Poisson 2-vector on [) associated with the algebraic 
symplectic structure fl. Then, the pair (r, Xq) is the algebraic Jacobi structure on g 
associated with the contact 1-form rj (see (|A.1|) , ( |A.2D , (|A.4|) and (|A.5|) in Appendix A). 



Thus, using Theorem ^]l| and the fact that Xq E Z{g), we can define a Lie bracket [, ]^ 
on Q* in such a way that the pair ((g, 0), (g*, Xq)) is a generalized Lie bialgebra. 

On the other hand, from Corollary [4.3| and since r is a solution of the classical Yang- 
Baxter equation on [}, it follows that there exists a Lie bracket [,]''* on [)* in such a way 
that the pair ([}, ()*) is a Lie bialgebra. In fact, the Lie algebras ((),[,]'') and (t)*, [ , ]''*) are 
isomorphic and, using (^TTP , we get that [(a. A), (/?, /i)]^* = {[a , P]^* , 0) , for (a. A), {P,fi) G 
()* ©M = Q*. Consequently, q* is isomorphic, as a Lie algebra, to the direct product [) ©M. 

We illustrate the precedent construction with two simple examples. 

1.- Let (t), [, ]'') be the abelian Lie algebra of dimension 2n and Q the usual symplectic 
2-form. Then, t) © M endowed with the Lie bracket given by (|5.1| ) is just the Lie algebra 
i){l,n) of the generalized Heisenberg group EI(l,n) of the real matrices of the form 

^ 1 Xi . . . Xn z \ 
1 ... 








1 





1 
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Moreover, the 1-form r) is just the usual algebraic contact 1-form on ()(l,n). In this case, 
the Lie algebra [}(l,n)* is abelian. 

2.- Let (f), [, ]'') be the nonabelian solvable Lie algebra of dimension 2. We can find a 
basis {ei, 62} of t) such that [ci, 62]'' = Ci. If {e^, e^} is the dual basis of f)* then Q = e'^ Ae^ 
is an algebraic symplectic 2-form on t). The corresponding Lie algebra g admits a basis 
{61,62,63} satisfying [61,62]® = 61 + 63, [61, 63]^' = [62,63]® = 0. Thus, it is easy to prove 
that g is isomorphic to the direct product of the Lie algebras [) and M. Therefore, in this 
case, the Lie algebras g and g* are isomorphic. 

Remark 5.1 zjl)©Ris the Lie algebra of the group of linear automorphisms of 

which preserve a line. A. Diatta proved in [0] that, in general, the group of linear 
automorphisms of M" which preserve a hyperplane is a contact Lie group, that is, 
its Lie algebra admits an algebraic contact 1-form. 

ii) A complete description of symplectic Lie algebras of dimension 4 was obtained in 
p7[] (for a detailed study of symplectic Lie algebras, see also [^ ^). Thus, one 
can determine all contact Lie algebras of dimension 5 with center of dimension 1 



and from there, using Theorem [4.1| , to obtain different examples of generalized Lie 
bialgebras. 

Now, we will give two examples of generalized Lie bialgebras ((g, 0o), (0*, -'^o)) which come 
from an algebraic contact structure on g but in both cases 0o 7^ 0. In the first example, 
Xq G Z{g). However, Xq ^ Z{g) in the second one. 

1.- Let (f), [,]'') be a symplectic Lie algebra with symplectic 2-form Q. Moreover, suppose 
that 00 G ()* is a 1-cocycle on f) such that i{4>o)r is Q^-invariant, that is, 

[X,z(0o)r]''=0o(X)^(0o)r, (5.2) 

for X G f), where r is the algebraic Poisson 2- vector associated with the symplectic 2-form 
Q. If we consider on g = (j ©M the Lie bracket given by ( ^.1|) , it is easy to prove that 0o is 
a 1-cocycle on g. We also have that r/ = (0, 1) G fi* ©M = g* is an algebraic contact 1-form 
on g and that (r, Xq) is the corresponding Jacobi structure, where Xq = (0, 1) G f)©]R = g. 



On the other hand, if (X, A) G g then, using ( |5.1| ) and (|5.2|), we deduce that 



[(X, A), ^(0o)r - Xo]s = 0o(X, A)(^(0o)r - Xq). 

Therefore, i{(po)r — Xq is ad^^^^ Q^-invariant. Thus, from Theorem ((g, (po), (g*, Xq)) is 
a generalized Lie bialgebra. 

A simple example of the precedent construction is the following one. Let (f), [, ]'') be the 
nonabelian solvable Lie algebra of dimension 2. We can find a basis {61, 62} of () such that 
[ei, 62]'' = 61 and Q = e"^ Ae^ is an algebraic symplectic 2-form on (), where {e^, e^} is the 
dual basis of ()*. Then, 0o = — is a 1-cocycle on \) and it is easy to prove that (|5.2|) 
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holds. As we know, the Lie algebra (g = I) © M, [ , ]") is isomorphic to the direct product 
t) © M. Moreover, from ( |4.1| ), we deduce that, in this case, g* is the abelian Lie algebra of 
dimension 3. 

2.- Let (0, [ , Y) be the solvable Lie algebra of dimension 3 with basis {ei, 62, 63} such that 

[ei, 62]^ = 0, [ei, 63]^ = ei, [e2, 63]" = -62- 

Take r = 63 A (ci — 62) and Xq = Ci + 62- It is easy to prove that (r, Xq) is an algebraic 
Jacobi structure on g which comes from an algebraic contact structure. Moreover, if 
{e^,e^,e^} is the dual basis of g* then 0o = is a 1-cocycle of q and i{4>o)r — Xq is 



ac?!'^^ Q)-invariant. Therefore, from Theorem |0| , we deduce that ((g, 0o)) (fl*; -^0)) is a 



generalized Lie bialgebra. The Lie bracket on g* is characterized by 



[e\eY=0, [e\eY = -e^ [e' 



5.2 Generalized Lie bialgebras from locally conformal symplec- 
tic Lie algebras 

Suppose that (r(,,Xo) is an algebraic contact structure on a Lie algebra (f), [, ]''). If we 
consider on the direct product of Lie algebras g = (j © M the 2-vector 

r = + eo A Xq, (5.3) 

where Cq = (0, 1) G f) © M = g, then (r, Xq) is an algebraic l.c.s. structure and, using 
Remark ((g, 0o), {&*, ^0)) is a generalized Lie bialgebra, with 0o = (0, 1) G i}*Q)R = g*. 
In addition, the Lie algebras g and g* are isomorphic (see Remark [4.4|) . 

Remark 5.2 If if is a connected Lie group with Lie algebra f) then the pair (f, Xq) 
defines, on the direct product G = H x M., a left invariant l.c.s. structure of the first kind 
in the sense of Vaisman [|30| . 

In the case when -Z(f)) =< Xq > we have that the pair ((f), 0), (f)*,Xo)) is a generalized 
Lie bialgebra (see Section |0|) . Moreover, from ( |4.1|) and (|5.3| ), we deduce that the Lie 
bracket [, ]^* on g* can be described, in terms of the Lie bracket [, ]''* of ()*, as follows 

for (a. A), {P, /i) e ()* © M = g*. Thus, since r,, is a 2-cocycle of the Lie algebra (f)*, [ , ]"*) 
(see (^75|)), it follows that g* is the central extension of f)* by M via the 2-cocycle r,,. 

On the other hand, in [0, Diatta proved that if (f)', [ , ]''') is an exact symplectic Lie algebra 
then one can define on the direct product f) = f)' © M a Lie bracket in such a way that f) 
is a contact Lie algebra, with trivial center, and f)' is a Lie subalgebra of (). Using this 
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construction we can also obtain different examples of generalized Lie bialgebras. Next, 
we will show an explicit example. 

Let s[(2,M) be the Lie algebra of the special linear group SL{2,'R). Then, there exists a 
basis {61,62,63} of 5[(2,M) such that 

[61, 62] = '(^'^) = 262, [61, 63]^'(^'^) = -263, [62, 63] = '(^'^) = 61. 

It is clear that s[(2,M) admits exact symplectic Lie subalgebras and, therefore, we can 
apply Diatta's method in order to obtain algebraic contact structures on sl(2, M). In fact, 
if A^, and A^ are real numbers satisfying the relation (A^)^ + 4A^A^ 7^ then the pair 
('".i(2,M)'^o) given by 

'"5t(2,M) = ^^^2 A 63 + A^ei A 62 - A^6i A 63, Xo = -(A^6i + 2A262 + 2A363), 

defines an algebraic Jacobi structure on sl(2, M) which comes from an algebraic con- 
tact structure. Consequently, since fll(2, R) (the Lie algebra of the general linear group 
GL(2,M)) is isomorphic to the direct product s[(2, M) © M, we conclude that the pair 
((0[(2, M), 0o), (0[(2, M)*, Xo)) is a generalized Lie bialgebra, where 0o = (0, 1) G s[(2, M)*© 
R = fll(2,M)*. 

Finally, we remark that there exist examples of contact Lie algebras with trivial center 
which do not admit symplectic Lie subalgebras. An interesting case is su(2), the Lie 
algebra of the special unitary group SU{2). We can consider a basis {61,62,63} of su(2) 
such that 

[ei, 62]="(^) = 63, [61, 63]="(^) = -62, [62, 63]="(^) = 61. 

Then, if A^,A^ and A^ are real numbers, (A^,A^,A^) 7^ (0,0,0), we have that the pair 
('^.u(2),^o) given by 

r,u(2) = A^62 A 63 - A^6i A 63 + A^6i A 62, Xo = -(A^6i + A^62 + A^63), 

defines an algebraic Jacobi structure on su(2) which comes from an algebraic contact 
structure. Thus, since u(2) (the Lie algebra of the unitary group U{2)) is isomorphic 
to the direct product su(2) © M, we deduce that the pair ((u(2), 0o), (u(2)*, Xq)) is a 
generalized Lie bialgebra, where 0o = (0, 1) G su(2)* © M = u(2)*. 

We will treat again this example in Section |^. 



5.3 Other examples of generalized Lie bialgebras 

All the examples of generalized Lie bialgebras ((g, ^o), (fl*, -^0)) considered in Sections ^]T] 
and |5]^ have been obtained from an algebraic Jacobi structure (r, Xq) on q. However, the 
hypotheses of Theorem |4.1| do not necessarily imply that the pair (r, Xo) is an algebraic 
Jacobi structure on g, as it is shown in the following simple examples. 
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1. - Let f](l, 1) be the Lie algebra of the Heisenberg group EI(1,1). We have a basis 
{ei, 62, 63} of f)(l, 1) such that 

Take an arbitrary r = J2t<j A^-'ej A ej G A'^\){1, 1) and Xq = 63. Then, [r, r]''^^'^) - 2Xo A r 
is aci-invariant and Xq G Z(f)(l,l)). Therefore, the pair 1), 0), (f)(l, 1)*, Xq)) is a 

generahzed Lie bialgebra. However, (r, Xq) is not, in general, an algebraic Jacobi structure 
on f)(l, 1). If {e^, e^, e^} is the dual basis of f)(l, 1)* we deduce that 

2. - Let f) be the abelian Lie algebra of dimension 3. Take {61,62,63} a basis of f) and 
let {6^,6^,6^} be the dual basis of f)*. Denote by \E' the endomorphism of f) given by 

= |6i(S)6^ + |62(S>6^+63(S)6^. is a 1-cocycle with respect to the adjoint representation of 
f). Thus, we can consider the representation of M on f) given by Rx [} — >■ f), (A, X) 1-^ A\E'(X), 
and the corresponding semi-direct product g = ()X^]R. We can choose a basis {ei, 62, 63, 64} 
of such that 

[e4, ei]^ = -61, [64, 62]" = -62, [64, 63]^ = 63, 

and the other brackets are zero. Suppose that {e^ , e'^ , , e'^} is the dual basis of g*. If 
r G A^0, Xq G and 0o G 9* are defined by 

r = 61 A 62 - 263 A 64, Xo = 63, 00 = e^, 



then r, Xq and (f)o satisfy the hypotheses of Theorem However, [r, r]^ — 2Xo A r = 
26i A 62 A 63 7^ and i(0o)^ — -^0 = 63 7^ 0. Moreover, a direct computation shows that, 

[6^6r=e^ [e\eY=0, 
for l<z<j<4, 7^ (3,4). 

Finally, we will exhibit an example of a generalized Lie bialgebra ((0,0o), (0*5-^0)) such 
that 00 7^ and (i*Xo is not a 1-coboundary with respect to the representation ac?(0Q 1) : 
X A^fl A^Q. Note that in Section |3]^ (see Example p.l4|) , we obtained an example 



which satisfies this last condition but, in that case, 0o = 0. On the other hand, all the 
examples of generalized Lie bialgebras that we have given in Section |^ are such that d^^Xo 
is a 1-coboundary. 

Let Q be the Lie algebra of dimension 4 with basis {ei, 62, 63, 64} satisfying 

[64, 61]^ = 61, [64, 62]^ = 62, [64, 63]^ = 63 

and the other brackets being zero. If {e^, e^, e^, e^} is the dual basis of g*, we consider on 
0* the Lie bracket [, ]^* characterized by 

[e\eY=e\ [e\eY = e\ [e\eY=^. 

for 1 < i < j < 4, (i,j) 7^ (1,2), (1,4). Then, the pair ((0, 6^^), (g*, 61)) is a generalized 
Lie bialgebra. Moreover, it is easy to prove that there does not exist r G A^0 such that 
d^XoX = a(i(0o_i)(X)(r), for all X e g. 
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6 Compact generalized Lie bialgebras 



Several authors have devoted special attention to the study of compact Lie bialgebras 
and an important result in this direction is the following one I^S] (see also ||26[): every 



connected compact semisimple Lie group has a nontrivial Poisson Lie group structure. 

In this Section, we will describe the structure of a generalized Lie bialgebra ((g, 0o), 
(g*, Xq)), q being a compact Lie algebra (that is, q is the Lie algebra of a compact connected 
Lie group). 

If 00 = and Xq = 0, the pair (0,3*) is a Lie bialgebra. Thus, we will suppose that 
00 7^ or Xo ^ 0. Note that if 0o = then Xq G Z{s) (see (|]3D). On the other hand, 
if 00 7^ then we can consider and arf- invariant scalar product < , >: g x g ^ M and 
the vector Iq G g characterized by the relation 0o(X) =< X, Yq >, for X G g. It is clear 
that Yo ^ and, moreover, using that 0o is a 1-cocycle and the fact that < , > is and 
ad-invariant scalar product, we obtain that Yq G (we remark that 0o(^o) = 1 with 

^0 = A) ^ ^(fl))- 

Therefore, if 0o 7^ or Xq 7^ 0, we have that dimZ{g) > 1. This implies that a compact 
connected Lie group G with Lie algebra g cannot be semisimple. 

Next, we will distinguish two cases: 

a) The case 0o 7^ 

Let g be a compact Lie algebra and 0o G g* a 1-cocycle, 0o 7^ 0. If f] is a Lie subalgebra 
of g and (r, Xo) is an algebraic l.c.s. structure on \) such that 2(0o)(r) = Xq then, from 
Corollary ^]3|, we deduce that the pair ((g, 0o), (g*, Xo)) is a generalized Lie bialgebra, 
where the Lie bracket on g* is given by ( [4.1| ). 

Using the above construction, we can obtain some examples of generalized Lie bialgebras 
((0)</'o)) {3*,Xq)), with 00 7^ and g a compact Lie algebra. 

Examples 6.1 i) Compact generalized Lie bialgebras of the first kind. Let g be a compact 
Lie algebra and f) an abelian Lie subalgebra of even dimension. Furthermore, assume that 
r G A^[) is a nondegenerate 2- vector on () (that is, r comes from an algebraic symplectic 
structure on ()) and that 0o G g* is a 1-cocycle on g such that 0o 7^ and 0o G i)° 
being the annihilator of f). Then, ((g,0o), (0*,O)) is a generalized Lie bialgebra. The pair 
((g, 0o), (g*, 0)) is said to be a compact generalized Lie bialgebra of the first kind. 

a) Compact generalized Lie bialgebras of the second kind. Let (g, [, Y) be a compact real 
Lie algebra. Suppose that 61,62 G g are linearly independent and that [61,62]^ = 0. We 
consider the 2- vector r and the vector Xo on g defined by 

r = Xei A 62, Xo = A^ei + A^62, 

with A G M - {0} and (A\ A^) g - {(0,0)}. It is clear that (r,Xo) is an algebraic 
Jacobi structure on g which comes from an algebraic l.c.s. structure on the Lie subalgebra 
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[) =< 61,62 >. Therefore, if 0o G g* is a 1-cocycle of g such that i{(f>o){r) = Xq (that is, 
0o(ei) = and 0o(e2) = ~x) then ((0,0o), (0*,Xo)) is a generahzed Lie bialgebra. The 
pair ((0, 0o), (0*, -^0)) is said to be a compact generahzed Lie bialgebra of the second kind. 

in) Compact generalized Lie bialgebras of the third kind. Let (0, [, ]^) be a nonabehan 
compact real Lie algebra. Using the root space decomposition theorem (see, for instance, 
0) we have that there exist 61, 62, 63 G satisfying 

[ei, 62]^ = 63, [61, 63]^ = -62, [62, 63]^ = 61. (6.1) 

Now, suppose that 0o € g* is a 1-cocycle on and that 64 is a vector of g such that 
00(^4) = 1, and [64,64]^ = 0, for i = 1,2,3. Then, we consider the 2-vector r and the 
vector Xq on defined by 

r = A^(62 A 63 - 64 A 61) - A^(6i A 63 + 64 A 62) + A^(6i A 62 - 64 A 63), 

Xo = -{X'ei + X^e2 + X'e3), 
with (A^,A^,A^) G M'^ — {(0,0,0)}. A direct computation proves that (r, Xq) is an al- 



gebraic l.c.s. structure on the Lie subalgebra ij =< 61,62,63,64 > (see Section 



Moreover, i{(f)o){r) = Xq. Thus, ((0,^0)5 (0*,-^o)) is a generalized Lie bialgebra. The pair 
((0,00)5 {3*,Xo)) is said to be a compact generalized Lie bialgebra of the third kind. 



Remark 6.2 i) In the third example the Lie algebra f) is isomorphic to u(2), u(2) 
being the Lie algebra of the unitary group U{2). 

a) Let be a nonabelian compact Lie algebra such that 7^ {0}. Assume that 

61,62,63 G satisfy ( |6.1| ) and that 64 is an element of 64 7^ 0. If < , >: 

X — > M is an ad-invariant scalar product on and 0o G 0* is the 1-form given by 
(f)oiX) =< X, 64 >, for X G 0, then 0o = ^ ^ is a 1-cocycle on 3 and ^0(64) = 1. 



Next, we will show that Examples |6.1| i), ii) and Hi) are the only examples of generalized 



Lie bialgebras ((g,0o), (0*,-^o))5 with 0o 7^ and a compact Lie algebra. 
First, we will prove some results. 

Theorem 6.3 Let {{Q,(f)Q),{Q* ,Xq)) be a generalized Lie bialgebra. Suppose that (PqIYq) = 
1, with Yq G Then, there exists a Lie subalgebra [) of g and a 2-vector r G A^t) C A^0 

such that Xq G f) and: 

i) The pair (r, Xq) defines an algebraic Jacobi structure on g which comes from an 
algebraic l.c.s. structure on fj. Moreover, i{(j)Q){r) = Xq. 

ii) The Lie bracket [, ]^ on g* is given by l \4-l\ )- 



22 



Proof: Denote by r the 2-vector on g given by 

r = -d.XoYo. (6.2) 
Using (U), (IJ) and the fact that Yo G Z{q), we have that 

z(0o)(r)=Xo. (6.3) 

Now, we will show that the pair (r, Xq) is an algebraic Jacobi structure on g. 
From (|3.1| ), (|6.2| ) and since Yq E Z{q), it follows that 

= d,x,[X, Y^y = -[X, r]s + 0o(X)r + 4xo^, (6.4) 

for all X G g. Therefore, using ( p.2|) , ( |6.4|) and that Xq is a 1-cocycle on (g*, [, ]^*), we 
deduce that 

[Xo,r]« = 0. (6.5) 

On the other hand, using again ( |6.4|) and the properties of the algebraic Schouten bracket 
[ , we conclude that [r', r]^' = d^r' + 2Xo A r' + r A 'i(0o)(^')> ^' ^ ^^^fl- Consequently 
(see (§3)), 

[r, r]8 - 2Xo A r = 4r + r A Xq. (6.6) 



But, from (|6.2|) and since d^^Xo is a cohomology operator, we have that d^r + r A Xq 
d*Xof = 0, which implies that (see ( |6.6| )) 



[r,r]8-2Xo Ar = 0. (6.7) 

Thus, the pair (r, Xq) is an algebraic Jacobi structure on g and the rank of (r, Xq) is even 
(see (|6.3|), ( |6.5| ) and (|6.7|)). Therefore, using Proposition [A.4| (see Appendix A), it follows 



that there exists a Lie subalgebra [} of g such that r G A^f), Xq G (} and the pair (r, Xq) 
comes from an algebraic l.c.s. structure on f). 



Finally, from (|4.6| ) and (|6.4|) , we deduce that the Lie bracket on g* is given by ( [4.11) . 

Now, we will describe the algebraic l.c.s. structures on a compact Lie algebra. 

Theorem 6.4 Let i) be a compact Lie algebra of dimension 2k, with k > 1. Suppose that 
(r, Xq) is an algebraic Jacobi structure on f) which comes from an algebraic l.c.s. structure. 

i) If Xq = then f) is the abelian Lie algebra and r G A^t) is a nondegenerate 2-vector 
on [). 

a) //Xo 7^ and k = 1 then [j is the abelian Lie algebra and r G A^tj is an arbitrary 
2-vector on\), r ^ 0. 
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in) If Xq 7^ and k >2 then k = 2, ^ is isomorphic to u(2) and 

r = X\e2 A 63 - 64 A 6i) - A2(6i a 63 + 64 a 62) + X^{ei A 62 - 64 A 63), 

Xo = -(Al6i + A262 + A363), 

where (A"*^, A^, A'^) G M'^ — {(0,0,0)} and {61,62,63,64} zs a 6aszs of [) swc/i t/iat 
64 G and 

[61,62]'' = 63, [61,63]'' = -62, [62,63]'' = 61. (6.9) 

Proof: Denote by {fl, co) the algebraic l.c.s. structure on [) associated with the pair (r, Xq). 
Then, if d is the algebraic differential of fj, we have that (see Appendix A) 

n'' = QA .(^ A^] ^ 0, dn = ujAn, du = o. (e.io) 

i) If Xq = 0, we obtain that u = and Q is an algebraic symplectic structure on [). Thus, 
since fj is a compact Lie algebra, i) follows using the results in [|] (see also [pT| ). 

a) It is trivial. 

Hi) Suppose that Xq ^ and that k > 2. Then, a; 7^ 0. Moreover, we can consider an 
ad- invariant scalar product <,>:[) x [) ^ M and the vector Yq of (} characterized by the 
relation 

uj{X) =< X, Yo >, for X ei). (6.11) 
Using ( |6.11| ) and the fact that c<j is a 1-cocycle, we deduce that Yq G Consequently, 



LuiYo) = 1, (6.12) 

^th >o = ^ e Z(t)). 

On the other hand, if t)' C [) is the annihilator of the subspace generated by cj, it is clear 
that f)' is a Lie subalgebra of f). In fact, using (|6.12|) and since Yq G 2(f)) and u; is a 
1-cocycle, it follows that the linear map 

[)-^[)'©M, X ^ {X -uj{X)Yo,uj{X)), 

is a Lie algebra isomorphism. In addition, we will show that fj' admits an algebraic contact 
structure. For this purpose, we define the 1-form f/ on [) given by 

fj = -i{Yo)iQ). (6.13) 

Using the equality u = i{Xo){Q), we have that 

n{Xo) = 1. (6.14) 

Moreover, from (|6.10|) , ( |6.12|) , ( |6.13|) and since Yq ^ ^{h), we deduce that 



= Cyo^ = i{yo){dn) + d{i{Yo){n)) = Q + u A f] - df]. (6.15) 
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In particular (see ( |6A3D and (|6A|)) 



i{Xo){df]) = tiYo)idr]) = 0. (6.16) 

Thus, the condition = l^A S^. Afi 7^ imphes that cu Af] A {df])^~'^ =^ 0. Therefore, the 
restriction rj of f] to [)' is an algebraic contact 1-form on [}'. Furthermore, if (r', Xq) is the 
algebraic Jacobi structure on [)' associated with the contact 1-form then, from relations 
( p.l2| )-( p?T^ ) and the results in Appendix A, we obtain that r' = r + Y^ AXq and Xq = Xq. 
Consequently, taking 64 = —Yq and using Proposition [B.lj (see Appendix B), we prove 



in). \QED\ 

Now, suppose that ((g,{/)o), (0*,Xo)) is a generalized Lie bialgebra, with </)o 7^ and g a 
compact Lie algebra. Under these conditions we showed, at the beginning of this Section, 
that there exists Yq G Z{q) satisfying that 4>o(Yq) = 1. Thus, using Theorem |673| , we 
deduce that there exists a Lie subalgebra f) of g and a 2-vector r G A^[) C A^g such that 
Xq G (), (r, Xo) defines an algebraic l.c.s. structure on t), 

z{4>o){r)=Xo (6.17) 

and the Lie bracket on g* is given by ( [4.1|) . 

If Xq = then, from ( |6.17| ) and Theorem |6.4| , we have that f) is an abelian Lie algebra 



and (f)Q G t)°. If Xq 7^ and dim (] = 2, f) is the abelian Lie algebra. On the other hand, if 



Xq 7^ and dimt) > 4, using again Theorem |6.4| , we obtain that f) is isomorphic to u(2), 
that there exists a basis {61,62,63,64} of f] such that 64 G 2(f)) and 61,62 and 63 satisfy 
( |6.9|) and that the pair (r, Xq) is given by (|6.8|) . This implies that ^0(64) = 1 (see (|6.171) ). 



Thus, we have proved that Examples |6.1| i), ii) and Hi) are the only examples of generalized 
Lie bialgebras ((g, 0o), (fl*, -^0)), with 0o 7^ and g a compact Lie algebra. In other words. 



Theorem 6.5 Let ((g, 0o), (g*, Xq)) he a generalized Lie bialgebra, with 0o 7^ and g 
a compact Lie algebra. If Xq = (respectively, Xq 7^ then it is of the first kind 
(respectively, the second or third kind). 

b) The case 4>o = 

We will describe the structure of a generalized Lie bialgebra ((g, 0), (0*,Xo)), g being a 
compact Lie algebra and Xq 7^ 0. First, we will examine a suitable example. 

Let ([), f)*) be a Lie bialgebra and \l/ be an endomorphism of f), \l/ : fj — > f). Assume that 
\1/ is a 1-cocycle of f) with respect to the adjoint representation ad^ : f) x f) — >• () and that 
\E'* — Jd is a 1-cocycle of f)* with respect to the adjoint representation ad^' : f)* x f)* — > f)*. 
Here, \I'*:f)*-^f)*is the adjoint homomorphism of \1/ : (j — (j. Denote by g = f) © M the 
direct product of the Lie algebras f) and M and consider on g* = i)* © M the Lie bracket 
[ , ]2* defined by 

[{a, A), (/?, fx)f = {[a, Pf - - Idm + - Id){a), 0), (6.18) 



25 



for (a, A), /i) G t)* © M = 0*. Using ( |6.18|) , that ((j, t)*) is a Lie bialgebra and the fact 
that \l/ is a 1-cocycle, we deduce that ( |3.1| ) holds. Thus, the pair ((0,0), (g*, (0, 1))) is a 
generahzed Lie bialgebra. Moreover, it is clear that if f) is a compact Lie algebra then g 
is also compact. 

Next, suppose that \) is compact and semisimple and denote by d^,* the algebraic differential 
of f)*. Then, from Lemma p.3| , it follows that there exist r G A^f) and Z G fi such that 

d^,X = -[X, r]^ = [X, Z]\ = coad^a, (6.19) 

for X G [) and a; G t)*, where coad'' : f) x i)* ^ i)* is the coadjoint representation. Using 
( |6.19| ), we obtain that 

[[X,Z]\r]\a,P) = i^*[a,Pf)iX), 

[Z,[X,r]^]\a,(3) = {-[^%a),pf - [a,^*{P)f){X), 
for a,P E t)*. Therefore, since \E'* — Id is an adjoint 1-cocycle of f)*, we deduce that 

[[X, Z]\r]' + [Z, [X, r]^]" = d,.X = -[X, r]^ 

Consequently, the equality [[X, Z]", r]" + [Z, [X,r]'']" = [X, [Z,r]"]'' implies that 

[X, [Z,r]'']'' = -[X,r]^ for all X G t)- (6.20) 

The compact character of f) allows us to choose an a(i''-invariant scalar product < , > on 
(). We will also denote by < , > the natural extension of < , > to A^(). This extension 
is a scalar product on A^f) and, in addition, it is easy to prove that < [X, >= 
- < s, [X,t]'' >, for X G t) and s,t G ^%. Thus (see (lOOl)), 

< [Z,r]^ [Z,r]'' >= - < r, [Z, [Z,r]'']'' >=< r, [Z,r]'' >= 0, 

i.e., 

[Z,r]'' = 0. (6.21) 

Then, from ( p.l9| ), ( |6.2(]| ) and ( |6.21| ), we conclude that the Lie bracket [,]''* is trivial 
which implies that 

[(a. A), (/3, /i)]8* = (/i(coa4a -a)- \{coad\(3 - /3), 0). (6.22) 



Remark 6.6 If \) is not semisimple then the Lie bracket [, ]'' is not, in general, trivial. 
In fact, suppose that Z{\)) 7^ {0}. We know that f) is isomorphic, as a Lie algebra, to the 
direct product [)'©Z([)), where t)' is a compact semisimple Lie subalgebra of fj. Therefore, if 
^' : t) = t)'©2:(t)) -> t) = t)'©2:([)) is the projection on the subspace Z{\^), it follows that ^! 
is an adjoint 1-cocycle of \). Furthermore, if on ([)')* we consider the trivial Lie bracket and 
on Z{\))* an arbitrary (nontrivial) Lie bracket then the direct product (f)')* © Z{\))* = [)* 
is a Lie algebra, the pair (fj, f)*) is a Lie bialgebra and the endomorphism \I'* — Id is an 
adjoint 1-cocycle of ()*. 
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Now, we prove 

Theorem 6.7 Let ((g, 0), (g*, Xq)) be a generalized Lie bialgebra with Xq ^ and g a 
compact Lie algebra. Then: 

i) There exists a Lie subalgebra i) of g such that g is isomorphic, as a Lie algebra, to the 
direct product [}©R. Moreover, under the above isomorphism, t)* is a Lie subalgebra 
of g* , the pair ([), [)*) is a Lie bialgebra, Xq = (0, 1) G f) © M = g and the Lie bracket 
[ , Y* on g* is given by 



where G End{^) is an adjoint 1-cocycle of fj and \&* — Id is an adjoint 1-cocycle 



a) If dim Z{g) = 1 then the Lie bracket [, ]'' is trivial and there exists Z G f) such that 
^(X) = [X,Z]^ for allX e (j. 

Proof: i) From (|3.3| ) it follows that Xq G Z{g). We consider an ad^-invariant scalar 
product < , > on g and the 1-form ^ 0* defined by 6'o(X) =< X, Xq >, for all X G g. 
We have that 6^0 is a 1-cocycle of g and we can assume, without the loss of generality, 
that 6*0 (Xq) = 1. Then, using and the fact that Xq is a 1-cocycle of g*, we deduce 
that the Lie subalgebra [) is the annihilator of the subspace generated by 6*0 and that the 
endomorphism \E' : [) — [) is given by ^E'(X) = X — i(6'o)((i*X), where is the algebraic 
differential of g*. 

a) If dimZ[g) = 1 then () is compact and semisimple and the result follows. \qed\ 

Appendixes 

A Algebraic Jacobi structures 

In this Appendix, we will deal with an algebraic version of the concept of Jacobi structure. 

Definition A.l Let (g, [, Y) be a real Lie algebra of finite dimension. An algebraic Jacobi 
structure on g is a pair (r, Xq) , with r G A^g and Xq G g satisfying 



[(a,A),(/?,/ir = ([«,/?] ^* 



A(^* - Id){P) + ^(^* - Id){a), 0), 



(6.23) 



ofi)*. 



[r,rY = 2Xo A r. 



where [,Y is the algebraic Schouten bracket. 
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Note that the algebraic Poisson structures on g or, in other words, the solutions of the 
classical Yang-Baxter equation on g are just the algebraic Jacobi structures (r, Xq) such 
that Xo is zero. 

On the other hand, let (g, [, ]^) be a real Lie algebra of finite dimension and let G be a 
connected Lie group with Lie algebra g. As we know [s,t] = [s,t]^, for s,t E A*g. Thus, 
if r G A^g and Xq G g then (r, Xq) is an algebraic Jacobi structure on g if and only if the 
pair (f, Xq) is a left invariant Jacobi structure on G. 

Examples A. 2 i) Let (g, [, Y) be a real Lie algebra of odd dimension 2k + 1. We say 
that 1] E Q* is an algebraic contact 1-form on g if A [driY = i] A drjA }\. Adr] ^ 0, where 
d is the algebraic differential on g (see 0). In such a case, (g,?7) is termed a contact Lie 
algebra. If (g, rj) is a contact Lie algebra, we define r e A^g and Xq G g as follows 

r{a,(3) = dr]{\)-\a),\>-\P)), Xq = \>~\r]), (A.l) 

for a, /? G g*, where : g ^ g* is the isomorphism of vector spaces given by 

\),{X)=t{X)idr])+r^{X)r,, (A.2) 

for X G g. The vector Xq is the Reeb vector of g and it is characterized by the relations 

z(Xo)(d77) = 0, viXo) = l. (A.3) 

If G is a connected Lie group with Lie algebra g then it is clear that the left invariant 
1-form fj on G satisfying f/(e) = r/ is a contact 1-form. Moreover, the pair (f, Xq) is just 
the Jacobi structure on G associated with fj (see, for instance, H, [ll|, |20l). Therefore, we 
deduce that (r, Xq) is an algebraic Jacobi structure on g. 



Using (lATTI ), ( lOD and (|A]|), we have that #^(a) = -b.^^(a) + a(Xo)Xo, for a G g* 



a) Let (g, [ , ]^) be a real Lie algebra of even dimension 2k. An algebraic locally conformal 
symplectic (l.c.s.) structure on g is a pair (fi, cu), where G A^g* is nondegenerate (that 
is, of' = QA AVL 7^ 0), G g* is a 1-cocycle on g and dVt = oj AVL. The 1-form oj is the 
Lee 1-form of the l.c.s. structure. 

If {Vt^oj) is an algebraic l.c.s. structure on g, one can define r G A^g and Xq G g by 

r(a,/5) = n{\>-^\a), b^^(/3)), Xo = \>-^\u), (A.4) 

for a, G g*, : g — >■ g* being the isomorphism of vector spaces given by 

bf,(X) = i{X)n, (A.5) 

for X G g. If G is a connected Lie group with Lie algebra g then it is clear that the left 
invariant 2-form defines a locally conformal symplectic structure on G. Furthermore, 
the pair (f, Xq) is just the Jacobi structure on G associated with (see, for instance. 



TT| , |T5[). Consequently, we obtain that (r, Xq) is an algebraic Jacobi structure on g. 
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In this case, using (|A.4|) and (|A.5| ), it follows that ij^r{oi) 
particular, : fl* ~^ fl is a linear isomorphism. 



a] 



for a G 



In 



It is clear that a real Lie algebra q is symplectic in the sense of if and only if g is l.c.s. 
and the Lee 1-form is zero. Moreover, if g is a symplectic Lie algebra then the 2-vector 
r G given by ( |A.4] ) is a solution of the classical Yang-Baxter equation on g. 



Now, we introduce the following definition. 



Definition A. 3 Let (g, [, ]^) he a real Lie algebra of dimension n and (r, Xq) he an alge- 
braic Jacobi structure on g. The rank ci/(r, Xq) is the dimension of the subspace #r(0*) + 
< >C g. Equivalently, the rank of (r, Xq) is 2k < n (respectively, 2k + 1 < n) if the 
rank of r is 2k and Xq f\r^ = Xq A rA Ar = (respectively, Xq /\r^ = Xq A rA Ar 



If G is a connected Lie group with Lie algebra g then it is clear that the rank of an 
algebraic Jacobi structure (r, Xq) on g is just the rank of the Jacobi structure (f, Xq) on 
G. Thus, the rank of a contact Lie algebra (respectively, l.c.s. Lie algebra) of dimension 
2k + 1 (respectively, 2k) is 2A; + 1 (respectively, 2k). Conversely, using some well-known 
results about transitive Jacobi manifolds (see @, |ll], |l5l), one may prove that if (r, Xq) is 
an algebraic Jacobi structure of rank 2k + 1 (respectively, of rank 2k) on a Lie algebra g 
of dimension 2k + 1 (respectively, of dimension 2k) then the structure (r, Xq) comes from 
an algebraic contact structure (respectively, an algebraic l.c.s. structure) on g. Moreover, 



Proposition A. 4 Let (g, [, Y) be a real Lie algebra of dimension n and (r, Xq) be an 
algebraic Jacobi structure on g of rank m < n. Then, there exists an m- dimensional Lie 
subalgebra \) of q such that r G A^i), Xq G \), the pair (r, Xq) defines an algebraic Jacobi 
structure on (j and: 



i) If m is odd, the structure (r, Xq) comes from an algebraic contact structure on f). 

ii) If m is even, the structure (r, Xq) comes from an algebraic l.c.s. structure on f). 

Proof: Let G be a connected Lie group with Lie algebra g and (f, Xq) be the correspond- 
ing left invariant Jacobi structure on G. Denote by T the characteristic foliation on G 
associated with the Jacobi structure (f, Xq), that is (see ||, [ll|, |l^), for every g E G, J-'g 
is the subspace of TgG defined by J^g = {^f)g(T*G)+ < Xo{g) >. It is clear that 

f((7) G A^jFg, J^g = {Lg)^{J^^), dimJ^g = dimJ^^ = m, (A. 6) 

for all g E G. Thus, using ( |A.6| ), we deduce that () = JF^. \qed\ 
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B Compact contact Lie algebras 



In [0 , Diatta proved that if G is a Lie group which admits a left invariant contact structure 
and a bi-invariant semi-Riemannian metric then G is semisimple and thus, from Theorem 
5 in 0, he deduced that G is locally isomorphic to S'L(2,M) or to SU{2). Therefore, 
using this result, we have that if f) is a compact Lie algebra endowed with an algebraic 
contact structure then [} is isomorphic to su(2). Next, we will give a simple proof of this 
last assertion. Moreover, we will describe all the algebraic contact structures on su(2). 

Proposition B.l Let \) he a compact Lie algebra of dimension 2k +1, with k > 1. Suppose 
that (r, Xo) is an algebraic Jacobi structure on [) which comes from an algebraic contact 
structure. Then, k = 1, I) is isomorphic to su(2) and 

r = X^e2 A 63 - A^ei A 63 + A^ci A 62, Xq = -(A^ci + A^e2 + A^e3), 

where {X^, A^, A'^) G R'^ — {(0, 0, 0)} and {ei, 62, 63} is a basis of t) such that 

[61,62]" = 63, [61,63]" = -62, [62,63]" = ei. (B.l) 

Proof: Let rj be the algebraic contact 1-form on t) associated with the algebraic Jacobi 
structure (r, Xq) (see Appendix A). We can consider an ac?-invariant scalar product < , >: 
() X [) ^ R on [) and the vector Xq G t) characterized by the relation 

r]{X) =< X, Xo >, for X G t). (B.2) 

If d is the algebraic differential on [) then, using (|B.2|) and the fact that < , > is an 
a(i-invariant scalar product, we have that i{XQ){dr]) = 0. This implies that 

Ker{dri) =< Xq >=< Xq > . (B.3) 

Next, we will see that the rank of t) is 1. Assume that there exists ^ G f) such that 
[Xo,^]" = 0. From (gj), we obtain that {i{i)dT]){X) = - < Xq, [^,X]'> >= 0, for all 
X G fl. Thus, using ( p.3|) , we deduce that Xq and ^ are linearly dependent. 

Therefore, since every abelian subset of () must be contained in a maximal abelian subspace 
of [), we conclude that < Xq > is a maximal abelian subspace of [}. This implies that the 
rank of f) is 1 and f) is isomorphic to su(2) (see [0, p. 168). 

Consequently, we can consider a basis {61,62,63} of [) which satisfies ( p3.1| ). Then, it is 
easy to prove that an arbitrary 1-form 77 on (), 77 7^ and rj = /ii6^ + /i26^ + ^36^ is 
an algebraic contact 1-form. Here, {6^6^,6^} denotes the dual basis of {61,62,63}. The 
algebraic Jacobi structure (r, Xq) associated with 77 is given by (see Appendix A) 

r = A^62 A 63 - A^6i A 63 + A^6i A 62, Xo = -(A^6i + A^62 + A^63) 

with A* = — , i.'^L 2) , for z G {1, 2, 3}. This ends the proof of the result. \qed\ 
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